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and 

(B.3a) 

for r B  + q(1 - r ) / 2  < H < I'n1/2 + q ( l  - r ) / 2  

for H < Br + q ( l  - r ) / 2  

where 
ac/aH = - 2 H p  + q / r  (B.4a) 

acyas = - 2 ~ / r  (B.4b) 

The choice of the deepest free energy minimum (Ma*, 
A F B c * ,  M c D * )  is based on the comparison of numerical 

results. This choice determines also which one of the free 
energy derivatives aAF,*/dH, dAFBc*/dH, or dAFcD*ldH 
has to be inserted into eq 38 to yield the change in normal 
stress difference caused by equilibrium crystallization. 
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ABSTRACT A formal extension of the classical equilibrium theory of thermal density fluctuations to systems 
with nonvanishing chemical affinity has been given by Wendorff and Fischer. It has been evaluated explicitly 
by us earlier with the aid of ow equation-of-state theory of the glassy state. The same methods are now applied 
to a polystyrene and a poly(methy1 methacrylate) glass. In the range between Tg - 50 and T, good agreement 
between theoretical prediction and measurements of Ruland and Wiegand ensues. These results once more 
demonstrate the only partial freeze-in of the theoretical free volume function in the glass transition. By means 
of the low-temperature equation of state, the approach of the thermal density fluctuation to the zero limit 
at T = 0 is derived. Experiment, however, indicates the onset of departures from theory in the region of the 
/3 process, which ultimately results in substantial residual contributions at T = 0. An analysis in terms of 
essentially temperature-independent inhomogeneities is given. The results indicate that these cannot be 
associated with the free volume quantity introduced in connection with the configurational thermodynamics 
of the glass. Instead, more numerous and smaller inhomogeneities must be invoked. 

Introduction 
We have recently derived expressions for the mean 

square thermal density fluctuations,' based on equation- 
of-state theory for the glassy state. The important 
structure parameter in this theory is a hole or free volume 
fraction h. In the equilibrium melt it is uniquely deter- 
mined by the minimization of a configurational free energy. 
At the glass transition, a partial freeze-in process starts, 
which so far has been evaluated by a combination of 
equation-of-state measurements for glasses of specified 
formation history with theoretical expressions. Two al- 
ternative procedures have been employed. One involves 
the numerical solution of a partial differential equation 
derived from the free energy expression.2 The other and 
approximate procedure requires the numerical solution of 
an algebraic e q ~ a t i o n . ~ ~ ~  For several polymers, the latter 
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procedure only has been applied. For two poly(viny1 
acetate) (PVAc) glasses on the other hand, a comparison 
of the two solutions shows numerically small differences 
in absolute values, albeit larger differences in the tem- 
perature coefficients of h. The results of the elaborate 
treatment were employed to compute the density fluctu- 
ations of PVAc in the range Tg - 60 < T € Tg - 10.' The 
limits are imposed by the range of validity of the numerical 
solutions of the differential equation. The results are 
consistent in the neighborhood of T with the approxi- 
mation of Wendorff and Fischer3 a n t  derived from their 
general t h e ~ r y , ~  which forms also the basis for our theory. 
Their approximation involves the compressibility of the 
melt a t  Tg and should not be valid at lower temperatures. 

For purposes of comparison, total intensity measure- 
ments for PVAc have only recently become available.6 On 
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the other hand, X-ray data for polystyrene (PS) and 
poly(methy1 methacrylate) (PMMA) have been ~btained.~a 
These extend far beyond the glass transition region into 
the cryogenic range. I t  becomes desirable then to test 
theoretical predictions for these two systems with their 
comparatively elevated T 's. However, the computations 
of the h function have not been performed by the elaborate 
methods described above. Thus it becomes necessary to 
start with a comparison of the density fluctuations for a 
PVAc glass, computed in two ways. 

Dilatometric investigations, such as those described in 
ref 3, clearly reveal the onset of the p process, conven- 
tionally examined by means of dynamic measurements. 
Hence a second decrease in the temperature coefficients 
of h follows. We note that concomitant changes in the 
pressure coefficients derive from the compressibility 
changes in the /3 region. Finally, in the range 50-70 K, 
dilatometric observations are consistent with the as- 
sumption of a practically completely frozen structure as 
expressed by the h parameter.'O These results may then 
be used to compute the thermal density fluctuations at  
cryogenic temperatures. 

Ruland and Wiegand's measurements of several 
amorphous and semicrystalline polymers7,* yield finite 
intercepts a t  T = 0, with a flattening out of the curves 
considerably above this limit. This indicates a nonthermal 
origin of the fluctuations and a contribution by a frozen 
structural disorder. A typical magnitude of this contri- 
bution is about 5040% of the value at  Tg. Thus this effect 
becomes already important a t  higher temperatures in 
comparison with the thermal contributions. 

In the next section we recapitulate the general expres- 
sions for the mean square density fluctuations and the 
comparative evaluations for the PVAc glass discussed 
ear1ier.l The following section contains the application to 
high-temperature glasses of PS and PMMA. Next, low- 
temperature fluctuations are evaluated. We conclude with 
a discussion of frozen inhomogeneities. 

Theory 
The basic relation for the mean square thermal density 

fluctuations ( 6 p 2 )  for N molecules in a volume V a t  a 
temperature T reads5 

(1) 

with p the chemical potential and A the affinity, defined 
explicitly in our theory as1 

( 6 P 2 )  = (kT/W)p2(abl/aN)?'V,A # 0 

A = -(dF/ah)T,v 

with F the Helmholtz free energy. The equation of state 
yields 

(aM/amT,vA = - ( F / W ) i ( a p / w T f l , ,  + 
@h/dV)T.Ar,A[(l/ V)(aF/ah)T,vfl + (aP/ah)T,vJul) (2) 

In the limit A - 0, eq 2 reduces to the familiar result 
involving the isothermal compressibility. On the other 
hand, if the hole fraction h is frozen at  some constant level, 
only the first term on the right-hand side of eq 2 survives 
and a compressibility quantity is the sole determining 
factor. 

The evaluation of eq 2 makes use of the equation of state 
and resulting evaluation of the function h(V,7'). The so- 
lutions to two PVAc glasses have been given in polynomial 
form and used in ref 1. Approximations to these are based 
on the equation of state, P = P[V,T;h(V,T)], as derived 
for thermodynamic equilibrium, but disregard the equi- 
librium restraint (dF/ah)T ,v  = 0. Instead, h is obtained 
by solution of the above equation for specified experi- 
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Figure 1. Relative density fluctuations ( b p 2 ) / p 2  as a function 
of temperature for poly(viny1 acetate): solid curves, exact; dotted, 
approximate theory; dashed lines, extrapolated. For explanation, 
see text. 

mental P, V ,  and T values. In Figure 1 the two modes of 
evaluating eq 2 are exhibited. The approximation yields 
consistently lower values with a maximum difference at  
the lowest temperature of Tg - 60 of 12% at atmospheric 
pressure, increasing to 16% at 800 bar. 

At  sufficiently low temperatures, h may be considered 
as a constant and its numerical value absorbed in the 
definition of the scaling parameters. An expansion of the 
Lennard-Jones-Devonshire cell potential to the quasi- 
harmonic term then yields the reduced equation of state 
as follows:1o 

PQ = ~P(cQ-~ - D) + 3 ~ 6 { l / ,  + [exp(G/'t?? - 11-l) (3) 

with C = 1.0110, D = 1.2045, and 6(n = h u / ( k P ) ,  where 
T* is the scaling temperature and u the characteristic 
volume-dependent frequency. From this dependence there 
follows 

6(n = 6(0)(vo/V)4/3[(yQ-2 - 6 ) / ( ~ Q o - ~  - 6 ) ] ' / 2  (4) 

with y = 11.0530,6 = 5.2797, and Qo the reduced volume 
at  T = 0. A universal value of 5 X could be assigned 
to the reduced quantum temperature 6(0),lo which results 
in the effective validity of a principle of corresponding 
states for polymer glasses a t  low temperatures. Finally, 
the intermolecular Griineisen parameter G is given by the 
relation 

(5) 3G = ( 7 7 P 2  - 4 6 ) / ( y V 2  - 6 )  

A t  atmospheric pressure, P N 0, and eq 3 reduces to 

( = 6 / p  = In (1 + 3G/[2Q-2(D - CQW2)/6 - 3G/2]) 
( 3 4  

For T = 0, there follows Qo = 0.9199. 
From eq 3 the reduced iscther-mal-compressibility for 

fixed free volume, Ah = -(l/V)(aV/aP)p, is obtained, viz. 

1/Zh = P + 4 P 3 ( 2 C F 2  - D )  - 36& + q ) ( d G / a n p  - 
3G{% + ~ [ i  - ( 1  + d ~ i ) ( a G / a Q ~  (6) 

with the abbreviation 

7 = (et - 

Moreover, (+/an* = 2y6Q-3/(yQ-2 - 6)2 and (a6/anp 
= -(G/V)G(T). Finally, eq 2 can be cast at low tempera- 
tures in the reduced form 

Q(6jj2)(P*V*/T*) = k!f'jj2zh = V(6p2)(P*V*2/T*) (2a) 

and ((6p2)/p2)(P*V*/kT*) = ( p / n Z h  with the asterisks 
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Figure 2. Relative density fluctuation ( 6 p 2 ) / p 2  in polystyrene 
melt and glass as a function of temperature: (0) measurements 
of Ruland and Wiegand;7-8 dotted line, approximation; (X) 
corrected theory (see text); solid line, eq 2b. 

indicating scaling parameters. 
We consider next the pressure dependence of the fluc- 

tuations, a t  least for low-pressure glasses, generated by 
cooling under atmospheric pressure, since no PVT mea- 
surements on high-pressure glasses seem to have been 
pusblished. The pressure dependence at  elevated tem- 
peratures is small. This will hold at  low temperatures also, 
and linear approximations should be adequate, That is, 
instead of reconsidering explicitly eq 3 for finite P, we write 

V(p,n = V(o,n[1 - x h ( o , n ) P  + 0(p2)] 
From the definition of G2 oqe obtains for the change in the 
characteristic value of e0(P = 0) = 5 X 

&(p) = G,(O)[l -I- G B h V z  + O(pz)] 
where the coefficient of p is to be taken a t  p = 0. The 
numerical adequacy of these approximations will be gaged 
below. 

Applications: Elevated Temperatures 
In Figure 1 the differences in the thermal density fluc- 

tuations have been illustrated, which result from the two 
alternative procedures of extracting the h function by 
means of experimental PVT data. Such a comparison has 
been possible so far for PVAc only. In the analysis of the 
scattering experiments on PS and PMMA to follow, we do 
not propose to pursue the more exact, but involved route. 
Instead, it will be assumed that a correction to the ap- 
proximate computation of the scattering function can be 
made by adopting what amounts to a correspondence 
principle. That is, equality of the ratio of the two fluc- 
tuation values for different polymer glasses with similar 
formation histories at  equal relative distances ( Tg - T)/  T 
from the glass temperature and hence use of Figure 1 wilt 
be accepted. The numerical evaluation of eq 2 requires 
a series of expressions, stated in ref 1 as eq 6 and 18-20. 
Some modifications result from-h now being a quadratic 
rather than a linear function in V. The working equations 
and numerical results are stated in the Appendix for the 
reader's convenience. 

Figure 2 deals with PS, and several results are displayed. 
The curves are normalized relative to T . First, we note 
the extent of agreement with experimentfa above Tg when 
PVT data for the meltg are substituted into the classical 

/ 
PMMA 

/ 

J 
350 400 450 2.01 

300 

T (K) 
Figure 3. Relative density fluctuation (Sp2)  / p 2  in poly(methy1 
methacrylate) melt and glass as a function of temperature: (0) 
measurements of Ruland and Wiegand;7s8 dotted line, approxi- 
mation; (X)  corrected theory (see text); solid line, eq 2b. 

Einstein-Smoluchowski expression. In making such com- 
parisons, one should keep in mind possible sample dif- 
ferences. Below Tg, the observations are displayed down 
to 300 K, sufficient for the present purpose. We note the 
result of the simplified h computation, followed by the 
corrected function. The latter satisfactorily reproduces 
the experimental data. For reasons of internal consistency 
and accuracy of the PVT data, the computations are not 
extended below 312 K. However, one may surmise from 
the published  result^^^^ that below about 300 K the theo- 
retical predictions will start to depart gradually from ob- 
servation. Finally, we show the result of the approximation 
proposed by Wendorff and F i ~ c h e r , ~  viz. 

( b 2 ) / ( p 2 )  = (KT/V)K~(T T J  (2b) 

where K~ represents the compressibility of the equilibrium 
melt. The curvature resulting from the thermal expan- 
sivity will be noted. 

Analogous information for atactic PMMA is presented 
in Figure 3. Here, PVT data in ref 11 are employed in 
the computations, with an outcome essentially identical 
with that seen for PS. The lower temperature limit is 
dictated by the approach to the /3 re la~a t ion .~  

Applications: Low Temperatures 
In light of the observations in the cryogenic temperature 

range,7*a this section is necessarily restricted to an ex- 
ploration of the approach to T = 0 as predicted by the 
theory of thermal fluctuations, eq 2 and 3-6, and com- 
parisons with the high-temperature values. Concerning 
the latter purpose, it must be recalled that the scaling 
parameters in the low- and high-temperature PVT theories 
are not identical. This arises from the approximation of 
the Lennard-Jones-Devonshire cell potential by a square 
well in the melt and high-temperature glass and by a 
quasi-harmonic potential at  low temperatures. For PS, T* 
and V* are known under both condi t ion~.~J~  Studies a t  
elevated pressures have not been undertaken a t  liquid He 
temperatures. Hence, PC is unknown, but comparisons in 
terms of scaled variables can be made: see eq 2a. Where 
no experimental information is available, the requisite 
scaling temperature may at  least be estimated by com- 
parisons with other polymers; see below. 

We begin with plots of the- redused ratio ( ( S p 2 ) / p 2 ) .  
(P*V*/kT*) as a function of T for P = 0, 0.1, and 0.2 in 
Figure 4. Since P* for polymer melts has been found to 
range from about 8 X lo3 to lo4 bar," the reduced pres- 
sures chosen correspond maximally to ca. 2 kbar. The 
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- T lo3 
Figure 4. Theoretical scaled density fluctuation ( b p 2 )  / p 2 .  
( P * V * / k P )  as a function of reduced temperature at several 
reduced pressures. Dashed portions, extrapolations. 

average of the T* found at  low temperatures is about 1.4 
X lo4 K.'O Thus the limits of 50-70 ,K for complete 
freeze-in of the h fraction correspond to T = (4-51X 
We observe a reasonable proportionality with T up to 
approximately 6 X The graphs have been extended 
beyond the allowable range, as indicated by the dashed 
portions, to join up with the lower limit of the high-tem- 
perature theory. 

The accuracy of the expansion in P may be judged from 
the following r_esults: Vo(0) = 0.9199; V0(0.2) = 0.8899; 
e,(O) = 0.005; 00(0.2) = 0.00545. A more accurate evalu- 
ation of 6, may be desirable but is unnecessary here. 

Consider next the theoretical characteristic ratio ( 6 p 2 ) / p 2  
for PS, which decreases from 2.85 X 
between 89 and 39 OC. With the aid of the scaling quan- 
titiesg V* = 0.9598 cm3/g, T* = 12680 K, and P" = 7453 
bar, the scaled quantity (6p2)/p2(P*V*/kP) is seen to vary 
from 1.165 X to 1.002 X at  atmospheric pressure. 
On the other hand, in the low-temperature relations we 
substitutelo V* = 0.9947 cm3/g and T* = 13430 K. The 
extrapolation to 39 "C then yields 5.4 X or 54% of 
the value given above. While part of this difference will 
arise from higher terms in the expansion of the cell po- 
tential, the more important contribution comes from the 
temperature dependence of the structure, expressed in our 
theoretical frame by the h function. It is instructive, 
furthermore, to compare the reduction in the thermal 
density fluctuations between Tg and 60 K, which represents 
the approximate temperature of practical freeze-in of free 
volume. The ratio is 0.81/11.65, or 7%. 

Similar estimates may be made for the other two poly- 
mers considered here, although no dilatometric measure- 
ments a t  liquid He temperatures have been performed for 
either PMMA or PVAc. Between 67 and 105 OC and with 
V* = 0.8370 cm3/g, T* = 11920 K, and P" = 9147l' for the 
former, one finds a variation from 1.174 X to 1.384 X 

deriving from 1024(6p2)/p2 = 2.523 and 2.975, re- 
spectively. With the above value of P, the extrapolation 
of the low-temperature equations to 340 K yields a t  at- 
mospheric pressure 6.96 x low3, i.e., 59% of the total. A 
correction with respect to the unknown value of T* may 
be made by assuming the ratio of 7% in the two versions 
of the equation of state to be identical for PS and PMMA. 
This would increase T* from 11920 to 12625 K. The en- 
suing change in T by 6% is hardly significant. Further, 
the ratio of thermal fluctuations at  60 K and T is 6%. 
The analogous calculation for PVAc with the sca\ing pa- 
rameters V* = 9.8141 cm3/g, T* = 9419 K, and P* = 9380 
bar4 yields at 250 K and atmospheric pressure 56% of the 

to 2.45 X 

total. At 60 K, the computed thermal density fluctuations 
amount to 9% of the magnitude at  Tg. This somewhat 
higher value may arise from the closer proximity of the 
glass temperature. In essence then, the results for the three 
polymers are identical, that is, a contribution of 40-50% 
by the temperature- (and pressure) dependent free volume 
fraction h to the relative density fluctuations some 50 to 
40 K below Tg, with less than 10% of the value a t  Tg 
surviving at  60 K. 

Frozen Inhomogeneities 
We have so far confronted the theory with the obser- 

vations of Ruland and Wiegand'" at elevated temperatures, 
Le., above = Tg - 50. Moreover, we have computed the 
rate of decay of thermal fluctuations in the cryogenic 
temperature region. The flattening out of the experimental 
curves between the two temperature regimes cited above 
and the resulting finite intercept at T = 0 suggest a frozen 
structural disorder, which overshadows the thermal con- 
tributions. 

To pursue this subject, consider then density fluctua- 
tions arising from a f i xed  fraction h of empty sites, dis- 
tributed at  random in our quasi-lattice of L sites and 
volume V. The probability of finding a vacancy in a 
volume u << V equals u /  V << 1. The probability W(i)  of 
i such vacancies out of a total Lh occurring in u is given 
by a Poisson distribution, viz. 

W(i)  = (h'/i!)e+ 

X = Lhu/V 

and 

( i 2 )  - ( i ) 2  = ( i ) 2 / X  = (V/v)(l/Lh) (7) 

Equation 7 is exactly analogous to the expression for the 
thermal density fluctuations in a perfect gas, resulting in 
the proportionality with the reciprocal number density. 
To evaluate this expression, consider N s-mers occupying 
Ns sites. Since h = 1 - Ns/L, the number Nh of vacancies 
in the sample is given by 

Nh = Lh = Nsh/( l  - h) = NAV/(V,#,)h/(l - h) 

where V,, is the specific volume, NA is Avogadro's number, 
and M, = M / s  is the segmental molecular weight. We can 
then finally write 

v,,(ap2) = p2VBP(Ms/N~)(1 - h)/h (8) 

where the scattering volume u has been replaced by VSv 
Now taking as an average 50% of the value noted at  T 
an appropriate value for the right-hand side of eq 8 wit&I 
p = 1 g/cm3 would be 1.44 X lo-%, or M, (1 - h)/h = 0.87. 
On the other hand, the hole fractions in the equation-of- 
state theory, which serve as a measure of structural dis- 
order, have typical values at Tg from approximately 0.01 
for the lowest to 0.09 for the highest Tg ~ons idered .~  
Correspondingly, the "frozen fractions" vary from ca. 0.9 
to 0.5.3 The segments defined by the requirement of the 
theory are constituted of about 2 CH2 units for poly- 
ethylene and of the monomer unit in substituted vinyl 
polymers.ll If these numbers with the underlying picture 
were to be retained in eq 8, the experimental result would 
be exceeded by an order of magnitude. Any reasonable, 
even if small, assignment to the segmental molecular 
weight requires a large value of h,  exceeding a t  least 2/3. 
Thus, it appears that the frozen-inhomogeneities to be 
invoked in the interpretation of low-temperature fluctu- 
ations cannot be identified with the free volume introduced 
in connection with the equation of state. 
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Table I 
Coefficients in Eq 2A 

PS PMMA 
312.2 K 325.6 K 337.1 K 348.4 K 340.7 K 353.1 K 363.1 K 373.9 K 

0.95991 a0 1.29213 1.28271 1.30046 1.30214 1.02656 0.98505 0.93787 

a2 1.24807 1.25737 1.29029 1.30505 1.15997 1.13550 1.10015 1.13195 
a1 -2.48748 -2.48568 -2.53484 -2.54971 -2.12467 -2.05760 -1.97417 -2.02710 

Ruland and Wiegand7p8 sought to relate their observa- 
tions to distance fluctuations between molecular units, 
choosing to define these by the statistical Kuhn segments 
of the chain. Adopting a lattice model, they derive root- 
mean-square fluctuations of about 0.25 A. Regardless of 
the details of their model, a vacancy model would indeed 
require large values of h. The configurational thermody- 
namic properties, on the other hand, are determined a t  
sufficiently low temperatures by the effective vibrational 
frequencies. 

It is worth reiterating at this junction a comment by the 
above authors7v8 on the approximation of Wendorff and 
Fischer (see a b ~ v e ) . ~  This approximation, applicable in 
the neighborhood of Tg, should be least appropriate for 
low-T systems, as is indeed the case.7 This is in accord 
with t i e  observation that the degree of freeze-in at Tg, as 
measured by the temperature coefficient of h, is most 
pronounced in polymers with low T: and so should 
therefore be the “frozen” contributions to the density 
fluctuations. 

Conclusions and Outlook 
There are two sources of density fluctuations in the 

glassy state. One arises from liquid-like thermal contri- 
butions. The equation-of-state theory has been successful 
in the range between about Tg - 50 and TB’ In this theory, 
it will be recalled, the difference between melt and glass 
is focussed on the free volume function h, and its depen- 
dence on temperature and pressure. The results once more 
demonstrate that this function does not reduce to a con- 
stant in the temperature range referred to above. More- 
over, it is of interest to note that the lower limit of this 
range takes us to the neighborhood of the (broad) p pro- 
cess. The pressure and temperature coefficients of h have 
been shown to undergo a second change on passing through 
the p r e g i ~ n , ~ ’ ~  but they do not vanish until 50-70 K. One 
may continue to employ the methods used at higher tem- 
peratures to compute the thermal contributions a t  lower 
temperatures. These tend, of course, to zero and represent 
in the above range but a small fraction of the value at TB‘ 
In contrast, experiment a t  temperatures in the B range, 
a t  least for the polymers studied here, begins to depart 
from theoretical prediction, and a t  T = 0 about 50% of 
the effect seen at Tg remains, indicating as a second 
mechanism frozen, i.e., essentially temperature-inde- 
pendent inhomogeneities. We recall in this connection a 
similar nonthermal effect. Density fluctuations in pres- 
surized polystyrene glass have been shown to be more 
intense after pressure release than in the unpressurized 
polymer.12 A further exploration of the connection be- 
tween p process and nonthermal contributions suggests the 
use of systems with intense sub-glass relaxations, e.g., 
polymers containing flexible side chains. 

The current studies dealt with quasi-equilibrium con- 
ditions. I t  has been demonstrated recently that the 
equation-of-state theory, as applied here and previously,l 
can be extended to the kinetics of physical aging of volume 
through the h function.13J4 This opens the way for a 

computation of the density fluctuations in annealing 
systems. 
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Appendix 
The equation of state is 

PQ/T = 
(1 - q)-’ + (2~/P)3(yV)~~[ l .Ol lO(V)-~  - 1.20451 (1A) 

where q = 2-1/6y(uV)?-1/3 and y = 1 - h. From eq lA, h is 
derived for given P, V ,  T ,  and known scaling parameters. 
We obtain the following solutions: 

with the a i s  shown in Table I. The maximum deviation 
between values obtained directly from eq 1A and computed 
from eq 2A is about 0.01 % . 

Taking the derivatives appearing in eq 2 one by one, we 
have 

The second derivatives of P in eq 3A are obtained from 
eq 9;l and 1 O ; l  in ref 1. Equation 20;l provides (ah/ 
aV)Tf l ,A and eq 9;l (dF/ah)T,vfi  Finally, one has 

(4A) 
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